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We obtain a characterization for L, approximation by analytic functions on 
compact plane sets which is analogous to Vitushkin’s characterization for 
uniform approximation. For p = 2 this was done by Havin by use of Cartan’s 
fine topology; we study the general case by use of quasi topologies. 
1. INTRODUCTION 
In this paper we discuss quasi topologies and their application to 
problems of mean approximation by complex analytic functions in 
the plane C. If X C C is a compact set of positive Lebesgue measure, 
we denote by L,(X) the LP space obtained from Lebesgue measure 
restricted to X. We wish to study the subspace Lpa(X) consisting of 
all functions in L,(X) which are analytic at every point of the interior 
int X. 
THEOREM 1. IfXCC is a compact set of positive Lebesgue measure, 
1 < p < 00 and l/p + l/q = 1, then the following are equibalent: 
(a) The rational functions with poles ofl X are dense in Lpa(X). 
(b) Y&G - X) = Y&G - int X) for every bounded open set 
GCC. 
Here the q-capacity “/n is defined as follows. If K C C is compact 
we let 
where 
II u II* = I// [I u I2 + I grad u 121rl’2 dx 4f’* 
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and the infimum is taken over all real-valued functions u E Corn(C) 
such that u = 1 on K. If E CC is arbitrary we define the capacity 
r*(E) = sup{y,(K) : K C E, K compact}. 
If 1 < p < 2, it is well known that (a) holds for every compact 
set X; for p > 2 this is no longer true. If p = 2, the above theorem 
is due to Havin [9], who worked with the fine topology of potential 
theory. In the present paper we use quasi topological concepts [8], 
which are discussed in Sections 2 and 3. The proof of Theorem 1 is 
given in Section 4. The proof is much simpler when X has no interior 
points; this proof was given earlier by the writer [l]. 
Mean approximation by rational functions has been studied by a 
number of writers, including Brennan [2], Hedberg [lo], and 
Sinanjan [14]. 
2. SOBOLEV SPACES AND CAPACITY 
If 1 < 4 < 00, we denote by W,l the Banach space of all functions 
u EL&R”) whose first partial derivatives (in the sense of distribution 
theory) are also inL,(Rn), the norm being defined by 
Here Vu denotes the gradient of u, and X denotes Lebesgue measure 
in Rn. The basic facts about these spaces may be found in [13, 
Chapter 31. 
Now let Sz be a fixed open set in Rn. We denote by W&(Q) the 
closure of Cam(Q) in W,l. We define the capacity yn of a compact set 
ECQtobe 
Y~E) = $11 u IL (1) 
where the infimum is taken over all real-valued functions u E C,a(sZ) 
such that u = 1 on E. We note that the infimum (1) may be taken 
over all real-valued functions u E C,w(Q) such that u >, 1 on E; this 
can be proved by truncation and use of mollifiers [ 131. For an arbitrary 
set E C Sz we define the capacity 
yn(E) = sup{y,(K) : K C E compact} 
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and the exterior capacity 
yn*(E) = inf(y,(G) : G 3 E open}. 
A set E C D is y,-capacitabb if ye(E) = m*(E). 
From the definitions we see that every open set in 52 is y,-capaci- 
table. Moreover, for any decreasing sequence of compact sets K, C G 
we have y&K,) + m(n Ki). It follows that every compact set in Q 
is y,-capacitable. 
From the subadditivity of the norm we get 
Ys2(Kl u KJ d YLwl) + Y&Q 
for compact sets K1 , K, C 8. From this follows the countable 
subadditivity 
for any sequence of sets Ej C Q. 
If K is a compact subset of two open sets Q, and 52, , it follows from 
Leibniz’ rule that there exists a positive constant C = C(K, Q, , Q,) 
such that 
C-%-JE) 6 YQ,W G Go&79 if EC K, 
As a consequence of this and the countable subadditivity, the state- 
ment that a set E CD satisfies m*(E) = 0 is independent of the 
containing open set Q. A property is said to hold quti everywhere (q.e.) 
if the set where it fails has zero exterior capacity. 
The following lemma of Egorov type follows from an argument of 
Deny and Lions (see [7, Chapter II, Theorem 3.11 or [17, 
Theorem 4.31). 
LEMMA 1. Suppose that the functions uj E C,,m(Rn) form a con- 
vergent sequence in W, l. For every E > 0 there exists an open set W with 
yRn( W) < E and a subsequence of {uj} converging uniformly 08 W. 
This lemma motivates the following definitions. A set E C Rn is 
said to be quasi open (resp. quasi closed) if for every e > 0 there exists 
an open set WC Rn with yR,J IV) < E such that E - W is open 
(resp. closed) in Rn - W. A function f: Rn ---t C is quasi continuous 
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if for every E > 0 there exists an open set W C R” with rk,,( W) < E 
such that the restriction off to R” - W is continuous. By use of 
mollifiers, it follows from Lemma 1 that every function in W,l 
coincides a.e. with a quasi continuous function. If f is any quasi 
continuous function and G CC is open, then the inverse image 
f-l(G) is quasi open. Every quasi open set can be written as the union 
of a Bore1 set and a set of zero exterior capacity. 
The basic facts concerning the capacity ‘yn and the quasi continuous 
functions u E W,i are summarized in the following Theorem 2. 
Using slightly different definitions, Ziemer [17] proved such a 
theorem by means of the theory of extremal length. For completeness 
we include here a direct proof. 
THEOREM 2. (i) If E is any subset of an open set D C R*, then 
where 2?(E, 52) is the class of all real-valued quasi continuous functions 
u E W:,(Q) such that u > 1 q.e. on E. 
(ii) Every Suslin subset of an open set Q C R” is y,-capacitable. 
In particular, for Suslin sets E the inequalities in part (i) are both 
equalities. 
(iii) If u and v are quasi continuous functions in We1 which 
represent the same distribution, then u = v q.e. in Rn. In particular, the 
molhfiers of a quasi continuous function u E W,l converge pointwise to 
u q.e. in R*. 
Remark. If E = W is an open subset of an open set Q and 
m( IV) < co, we shall show that the infimum in part (i) is assumed 
by a quasi continuous function w E W&(Q) such that w = 1 on W. 
We call w an equilibrium potential for W. 
Proof. The first statement of part (ii) follows from the theorem 
of Choquet [6; 31, using the easily proved fact that r, = [y,Jq satisfies 
the inequality 
for any pair of compact sets K1 , Ka C Q. 
We turn now to the remark. Let W be an open subset of Q. Let 
Kj = (X E W: d(x, aw) < j-l and d(x, 0) < j}. Since yn(Kj) ---t rQ( IV), 
we can find functions uj E C,“(Q) such that u, = 1 near Kj and 
11 uj 11 --t rQ( W) < co. From the elementary theory of Sobolev spaces 
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[13] it follows that some subsequence of {z+>, which we still call (uJ, 
converges weakly to u E W&(Q). Then u = 1 a.e. on W, and by lower 
semicontinuity of the norm we conclude that 11 u 11 < m(w). Now let 
w E E’&(Q) be the pointwise limit of a sequence of mollifiers of U; 
then w = 1 everywhere on W and 11 w 11 < m(W). This last inequality 
is in fact an equality, and this will follow from statement (i). 
We now prove the following special case of(i): if E C R” is compact, 
and a real-valued quasi continuous function u E W,l satisfies u >, 1 
on E, then r(E) < ]I u II. It is no loss of generality to assume u >, 0 
everywhere. If E > 0 is arbitrary, we let W be an open set such that u 
is continuous on R” - W and y(w) < E. It is clear that we can find 
a bounded open set G containing E such that u > 1 - E on G - W. 
If w is an equilibrium potential for W, o = (u + w)/(l - t.), and 
4 E Corn is chosen so that 4 E 1 on G and II+ - VJ 11 < E, then by 
a mollifier argument we have 
Since E was arbitrary, we obtain y(E) < )I u I), as required. 
To prove assertion (iii) we let u E W,l be any non-negative quasi 
continuous function which satisfies 11 u II = 0, and suppose the 
(capacitable) set {u > 0} has positive capacity. Then for some E > 0 
the (capacitable) set {u > c} has positive capacity, so that we have 
u > E on some compact set of positive capacity. This contradicts 
the result in the preceding paragraph, so (iii) is proved. 
To prove the left-hand inequality of part (i), we may assume E is 
compact. We let u E 3(E, Q) and select a sequence of functions 
ui E C,,“(Q) such that Uj + u in W, i. If E > 0 is arbitrary, then by (iii) 
we eventually have I] Uj 11 < II u II + E and Uj > 1 - E on E - W, 
where W is an open set with m(W) < E. We obtain the estimate 
and since E was arbitrary we have yn(E) ,< 11 u II, which proves the 
left-hand inequality of (i). The right-hand inequality follows from 
the definition of exterior capacity and the existence of equilibrium 
potentials for open sets. 
3. NULL SETS OF QUASI CONTINUOUS FUNCTIONS 
We turn now to a detailed study of the null sets of quasi continuous 
functions. From now on we will be interested in the capacity y = ‘yafi 
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relative to R”; the more general capacities yn will be used only as 
a technical convenience in some of the proofs. 
THEOREM 3. If K and L are disjoint sets of positive capacity, 
such that K is compact and L is quasi closed, then there exists a quasi 
continuous function in W,l which is equal to zero q.e. on L and is equal 
to one on a subset of K of positive capacity. 
Proof. Since L is quasi closed, we can find an open set W with 
Y(W) < lw/2 such that K and L - W are disjoint closed sets. 
Now let v E Cgm be a function satisfying 0 < v < 1 which is equal 
to 1 near K and 0 near L - W, let 4 E Corn be equal to 1 near supp v; 
and let w be an equilibrium potential for W. Then the quasi continuous 
function 24 = v(+ - w) is zero q.e. in L. There is some E > 0 such 
that the (capacitable) set K n (u > E} has positive capacity; for 
otherwise the (capacitable) set K n (u > 0} would have zero capacity, 
which would mean that w > 1 q.e. on K, and hence 11 w )I > r(K). 
The function c-l min{u, E) has the properties required, and the proof 
is complete. 
In the proof of our next theorem we need the following lemma, 
which is proved in [I 1, pp. 50-531. If u is any real-valued function, 
we let u+(x) = max(u(x), O}. 
LEMMA 2. If {Us> is a sequence of real-valued functions in C,” 
which converges to u E W,l in the norm of Wpl, then u,+ converges to zr+ 
in the norm of W,l. 
THEOREM 4. Let Y C Rn be open, and let u E W,l be quasi con- 
tinuous. Then u E W&(Y) if and only if u vanishes q.e. on NY. 
Proof. It is clear from Lemma 1 that any quasi continuous 
function in W&(Y) must vanish q.e. on NY, and we must prove the 
converse. It is known that any function u E W,l is the limit of a 
sequence of functions u, E W, l of compact support such that the sets 
(u, = u} 7 Rn; thus we may assume that Y is bounded. We may 
also assume that the function u is real-valued; moreover, we may 
assume that u > 0, for in any case we may consider separately the 
positive part u+ = max(u, 0} and the negative part u- = (-u)+. 
In fact, it is clearly no loss of generality to assume 0 < 24 < 1. We 
let B be a fixed open ball containing 7, and we let p E C,“(B) be a 
fixed function such that p = 1 in a neighborhood of 7. 
Now let E > 0 be arbitrary. It is known that the gradient of a 
function in W,l must vanish X - a.e. on the set where the function 
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itself vanishes [13, Theorem 3.2.2(c)]; therefore we can find open 
sets 52, and Q such that aYCQ,CQ,CQCcCintb= l} and 
Jn 1 Vu 1~ dh < &. We can select a function 9 E C,m(Q) which is 
equal to some positive constant 01 on 0, and satisfies (1 z/ 11 < E. 
We now find a mollifier I# E Com( Y U Q) of u - # such that 
II 4 - (a - 1cI>II < E, and I$ - (U - #)I < a/2 except for an open 
set W with m( W n Q,) < E. If w is an equilibrium potential for 
W n Q, with respect to Q, then the function (p - w) 4 E W,l is non- 
positive on an entire neighborhood of aY. We now apply PoincarC’s 
lemma [13], which asserts that there exists a constant C > 1 such 
that 
llfll G CII VfllLJB, 9 for all f E W$(B). 
We obtain 
II u - b -4411 < IIfJ -4 II + II 4 II 
G 26 + c II w+h&, 
G 2E + c II VW llq,o) + c II v+ IILJQ) 
< 2E + CE + 3ce 
< 6& 
It follows that we can approximate u in the W,l norm by C” functions f 
such that f < 0 near aY. From Lemma 2 we then can approximate u 
in the W,l norm by C” functions f such that f = 0 near aY. This 
completes the proof. 
THEOREM 5. Let X be a compact subset of Rn. Then the follow&g 
assertions are equivalent: 
(b) r(G - X) = y(G - int X) for every bounded open set 
GCR”. 
(b’) Every quasi continuous function u E W,l which vanishes q.e. 
in NX must vanish q.e. in 8X. 
Proof. (b) * (b’). If(b) holds, it follows at once that r*(G - X) = 
r*(G - int X) for every bounded quasi open set G. Now if u is any 
quasi continuous function on Rn which vanishes on NX, we may 
apply this fact with G = {U # O], and we conclude that u must 
vanish q.e. on 8X. 
(b’) 5 (b). Let G b e any open set in R”. If r(G - X) = co, 
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then (b) is obvious; we therefore assume r(G - X) < co, and we 
let w be an equilibrium potential for G - X. By redefining w to be 
equal to 1 of a set of zero exterior capacity (if necessary) we may 
assume that the sets {w < l} and (w = l} are Bore1 sets. Now the 
set S = {w = l> is quasi closed; and by Theorem 2 we have 
Y(S) G II w II. M oreover, we have r(G - int X - S) = 0; for other- 
wise there exists a compact subset of aX having positive capacity which 
is disjoint from the quasi closed set S u [8X U -X - G] 3 NX, 
so by Theorem 3 we would get a contradiction to (b’). We now have 
r*(G - int X) < y*(G - int X - S) + y*(S) < 11 w (1 = y*(G - X), 
which proves (b). 
4. PROOF OF THEOREM 1 
We consider a function ~EL,JX) which annihilates the rational 
functions in LJX). Then by the Calderon-Zygmund theory [4; 5; 151 
we have u = f * 2-l E W,l and au/&? = m-f in the sense of distribution 
theory. Now we may assume that the values of u have been chosen 
so that u is a quasi continuous function which is identically zero 
in NX. The hypothesis guarantees that u vanishes q.e. in ax; in 
particular, u vanishes a.e. in 8X, and it follows from the elementary 
theory of Sobolev functions [13] that f = 0 a.e. on ax. According 
to Theorem 3 we can find a sequence of functions 4j E C,,“(int X) 
such that $j -+ u in IV, l. Thus if h E&(X) represents a function 
which is analytic on int X we have 
s ha#,/as = - j” 
$,ah/az = 0 intx intx 
and since a+,/% -+ &J/&Z = V$ in L,(int X) we conclude 
j-,fh = saxfh + j- fh = 0. intx 
This proves (a). 
(4 =s- (b) 
It is well-known that every element TE IV:* can be realized as a 
distribution of the form T = f + iYg/& + ah/a% where f, g, h E Lp(RZ); 
for u E C,,m C W,l we have 
T(U) = CT, U) = J f2i dx - J g(auja2g dx - J h(au/aq dx, 
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where the symbol (,) is used for the action of distributions on func- 
tions in Corn. From now on we identify T and T. 
If condition (b) fails, then by Theorem 5 there exists a quasi 
continuous function u E W,l which is identically zero on NX and 
strictly positive on a set of positive capacity in 8X; recalling the 
argument used in the proof of Theorem 3, we can find a quasi con- 
tinuous function 24 E W,l which is identically zero on NX and 
identically one on a compact set K C 8X of positive capacity. It is 
known [12, Lemma l] that any compact set of positive capacity 
supports a nonzero element of Wi*, and hence we can find a distribu- 
tion T E W’* with support in K and a function 4 E C,,W such that 
T(4) = 1. $rom the Calderon-Zygmund theory we conclude that 
A = T * x--l dp(R2, lot). 
Now let Q, be a decreasing sequence of bounded neighborhoods 
of X with n ~j = X. Then by Theorem 2 we have m,(K) < 11 u 11 
and hence we can find a function Uj E COm(sZ,) with (1 Uj ]I ,< 2 11 u I] 
such that ui = 1 on a neighborhood of K. If now v E W,l is a weak 
limit of {z@} we have 
1 = T(+) = lijm T(u,f#) = T(v), 
but using mollifiers v, -+ v in Wnl, 
7r = T(m) = lip T(77vJ = li~m(m(aA/&, et,) 
= -liF<A, &J,,la$) = -1jm s A &~,/i% dh 
=--- I A aqaz dh. 
Therefore %/as E L,(X) annihilates all rational functions with poles 
off X, but does not annihilate A. 
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